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ABSTRACT 
For a large class of functions G, defined in a neighborhood of the origin in the complex plane, 
which behave like Zm, it is shown that on sufficiently small closed disks D around 0, every continuous 
function on D can be approximated uniformly on D by polynomials in zm and G. 
In a series of papers [4], [5] and [6] the following situation is investigated. Let g 
be defined in a neighborhood of the origin, of class C’ with g(0) = 0, and let m 
and n be positive integers. Assume that the functions z” and ~“(1 +g(z))” se- 
parate points near the origin. For small closed disks D centered at the origin we 
like to determine 
[z”‘, z”( 1 + g(z))” : D] 
i.e. the smallest closed subalgebra of C(D) which contains the functions z” and 
z”( 1 + g(z))” and the constant functions. 
If gcd(m,n) = 1, then [z “,~“(l +g(z))” : D] = C(D) for sufficiently small 
disks D. The approximation result for k = gcd(m, n) > 1 can be reduced to 
the question whether [zk, zk( 1 + g(z))k : D] equals C(D). For m = n = 2 there 
is a negative approximation result: one can choose g such that 
[z*,z*(l +g(z))2 : D] # C(D). For instance 
[z2,(&)*:D] #C(D) 
if the radius of D is less than 1. There is also a positive result: if IgZ(0)j > [g?(O)], 
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then [z*, 2*( 1 + g(z))* : D] = C(D) f or sufficiently small disks D. For m = n > 2 
nothing could be said, except the trivial fact that for even values of m : 
[z~,(&)~:D] #C(D) 
with D sufficiently small which follows immediately from the m = n = 2 ex- 
ample. 
In this paper we give a positive version form = n > 2. 
Theorem. Let g be defined in a neighborhood of the origin in the complex plane, of 
class C’, with g(0) = 0. 
Let m be a positive integer and dejine 
C,,, = sin 5 for odd values of m 
C, = sin z for even values of m. 
VGIgZ(0)I > lg;(O)I, then 
[zm,Zm(l +g(z))” : D] = C(D) 
for suficiently small disks D around 0. 
Proof. We follow the proof of the m = n = 2 case in [4]. We will explain the idea 
for m = 3 and m = 4. From this it will be clear how the general case can be 
proved. 
First we study the case m = 3. 
Without loss of generality g,(O) = 1, so 
1 
lg,(O)l < sin g = 2. 
Let ]gT(0)I < a < i and define h(z) = g(z) - z. Since the first order partial 
derivatives of g are continuous near 0, Taylor’s formula can be applied to Re h 
and Im h to obtain 
for all z in a sufficiently small disk D. 
Note that the generators of the algebra separate points of sufficiently small 
disks D. 
-DefineX= {( z3,Z3(1 +g(z))3) : z E D}. 
Consider the map II : @* -+ @* defined by 
W<l, (2) = (G G). 
With p = e2ai/3 we have 
n-l(X)=X1U4JX9 
with 
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x, = { (2, z( 1 + z + h(z))) : z E D} 
= {(w, w + [[WI2 + w/?(w)]) : w E D} 
x2 = { (pz, ja( 1 + z + h(z))) : z E D} 
= {(w, w + p[lw12 + piiqpw)]) : w E D} 
x3 = { (pz, pz(1 + z + h(z))) : z E D} 
= {(w, w + p[lw12 + pwll(pw)]) : w E D} 
X4, X5, X6 are obtained by multiplying the first coordinate in Xi, X2, X3 by p : 
x4 = {(pz,Z(l +z+h(z))) : z E D} 
x5 = {(pz,pz(1 +z+h(z))) .ZED} 
& = {(z, @(l + z + h(z))) : z E o}. 
Similarly XT, Xs, X9 are gotten, this time by multiplying the first coordinate by p : 
x7 = {(pz,z(1 +z+h(z))) : z E D} 
& = {(z, p(1 + z + h(z))) : z E o} 
We now apply a theorem of Wermer [9] which asserts that the algebra [z,f; D] 
equals C(D) for f of class C’ near 0, with f?(O) # 0, and D a sufficiently small 
disk around 0. It follows that the sets Xi, . . . , X9 are polynomially convex if D is 
small enough. We will show now that the union Xi u . . . U X9 is polynomially 
convex. Done so, it will follow as in [4], using a theorem of Sibony [7], that X is 
polynomially convex. Then, applying a result of O’FarrelllPreskenis-Walsh [3] 
one concludes that every continuous function on X can be uniformly approxi- 
mated on X by polynomials. This is equivalent to [~~,?~(l + g(~))~ : D] = C(D). 
Crucial is the following result of Kallin [2], [8]. 
Let K and L be compact subsets of C”, both polynomially convex. Suppose 
that p is a polynomial in n complex variables such that p-’ (0) n (K u L) is poly- 
nomially convex and such that either p(K) and p(L) lie in angular sectors which 
meet only at the origin, or else 
p(K)cS+={ImX>O}U{O} 
p(K) C S_ = {ImX < 0} U (0). 
Then K U L is polynomially convex. 
We first show that Xi u X2 u X3 is polynomially convex. 
Define ~((1, (22) = e-lri/6<i + e71i/6&. 
Using IWh(w)] 5 alw12 f or small values of w it follows: 
-a < arg[]w12 + wh(w)] < z 
Hence 0 < arg err@[Iw12 + @h(w)] < 7r/3 for small w. 
Now p(w, ~+[lwl~+wA(w)]) =2Re(e-“i/6w)+e”ii6[lw]2+Eh(w)], so p(Xi) c 
S+ if D is sufficiently small. 
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Similarly 
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- 3 < arge”“6p[]W]2 + p$~(pw)] < - t. 
Now p(w, w + P[]w]~ + pwh(pw)]) = 2Re(e-“‘1%) + e?ri/6p[]w]2 + pwh(pw)], thus 
p(X2) C S- if D is sufficiently small. 
From Kallin’s theorem it follows that Xl u X2 is polynomially convex. Note 
that p(Xs) is also contained in S+ but no conclusion follows for Xt u X2 u X3! 
Now define a new polynomial 
~((1, <2) = eP+p<t + e+“&. 
Reasoning as before 
P(Xl) c s+, P(X2) c s+, P(X3) c s-. 
Applying Kallin’s theorem to Xl U X2 and X3 it follows that XI U X2 u X3 is 
polynomially convex. 
Similarly X4 U X5 U x6 iS pOlynOmially convex (rephe the polynomial 
p(<t ,&) byp(p<t , (2)). Also X7 U & U X9 is polynomially convex. 
Now if q(C1, (22) = <1<2 we have for sufficiently small D that the sets 
4(x1 uX2UX3)r q(x4 u XS u x6), q(x7 u x8 u 19) 
are contained in angular sectors near the half lines through the origin with 
argument 0,2~/3, -2~/3. These sectors only meet at 0, so Kallin’s theorem ap- 
plied once more shows that Xl U . . U X9 is polynomially convex. 
We now indicate the changes for the case m = 4. 
Again without loss of generality g,(O) = 1, so 
Choose a such that ]gF(O)] < a < l/A. With h(z) = g(z) - z, one has for small 
values of z that ]/z(z)] 5 a]~]. Now let 
X = {(z4$(1 +g(z))4): z E D) 
and define the map Ii’ : C2 + C2 by 
fl(G, c22) = ccl? a. 
Then n-‘(X) = Xt U . . U x16. 
Consider Xl, X2, X3, X4 defined by 
Xl = {(z, Z( 1 + z + h(z))) : z E D} 
= {(w, w + [lw12 + wh(w)]): w E D}, 
x2 = {(iz, -iZ(l + z + h(z))): z E D} 
= {(w, w - i[lw12 + iwlz-iw)]): w E D}, 
x3 = {(-z, -z( 1 + z + /z(z))) : z E D} 
= {(w, ii, - [lw12 - ii&(-w)]): w E D}, 
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X4 = {(-iz,iZ(l +z+h(z))): z E D} 
= {(w, W + i[Jw12 - ikh(iw)]) : w E D}. 
Let ~((1, <2) = e-?ri/4Ct + erri/4c2, as before it follows: 
P(Xl) c s+, p(X2) c s-7 
p(X4) c s+, p(X3) c s-. 
So XI U X2 and X3 U X4 are polynomially convex. 
Using p(C1, <2) = -ieC”‘14<1 + ie”‘J4<2, we see 
P(JG u X2) c s+, p(X3 UX4) c x. 
So X1 U X2 U X3 U 14 is polynomially convex. 
Etcetera. 
Remark. Consider, for CI E @ and a closed disk D centered at 0, the algebra 
[z,z+c+]: D].U’ smg the real-valued function 
QZ + Si(Z + Ly]z]) 
in the algebra, it follows from the generalized BishopStoneeWeierstrass theo- 
rem [6] that [z, z + CY]Z] : D] = C(D) is equivalent to Icy] < 2. 
Using the same ideas as in the proof of the theorem it follows that for a posi- 
tive integer N > 1 and for 0 < lo] < sin(n/N) the functions zN and (Z + a]~])~ 
separate points of D and [zN, (Z + ~1~1)~: D] = C(D). 
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